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Abstract 



We consider the integrable system with three degrees of freedom for which Sokolov and Tsiganov specified Lax 
representation. Lax representation generalizes L—A pair of the Kowalevski gyrostat in two constant fields, found by 
A. G. Reyman and M. A. Semenov-Tian-Shansky. In the paper, we give the explicit formulas for the (independent almost 
everywhere) additional first integrals K and G. These integrals are functionally connected with factors of a spectral curve 
of L-A pair by Sokolov and Tsiganov. Due to this form of additional integrals K and G, without constant gyrostatic 
moment, we managed to find analytically two invariant four- dimensional submanifolds on which the induced dynamic 
system is almost everywhere Hamiltonian system with two degrees of freedom. System of equations that describes one of 
these invariant submanifolds is a generalization of invariant relations of an integrable Bogoyavlensky case in dynamics 
of a rigid body. To describe phase topology of the system as a whole we use the method of critical subsystems. For each 
subsystem, we construct the bifurcation diagrams and specify the bifurcations of Liouville tori both in subsystems, and 
C*") ' in the system as a whole. 
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«j ' Ahhotsijhh 

a; 

PaccMaTpuBaeTca HHTerpnpyeMaa CHCTeMa c TpeMs CTeneHHMH cbo6ojxbi, KOTopoii Cokojiobbim h LIbiraHOBbiM 
yKa3aHO npeflCTaBJieHue JI aKca. IIpeflCTaBjieHHe Jlaxca o6o6maeT L -A napy fljia rupocTaTa KoBajieBCKoii b abohhom 
nojre, HaiifleHHyio A. T. PeiiMaHOM h M. A. CeMeHOBbiM-TsH-HIaHCKHM. B flaHHofi pa6oTe mbi npuBOflUM aBHbie cbopMyjiBi 

JJJIS (He3aBHCHMBIX nOUTH BCH3fly) flOnOJIHHTejIBHBIX nepBBIX HHTerpajIOB K H G, KOTOpBie CpyHKUHOHajIbHO CB33aHBI C 

KOScbcbuuHeHTaMH cneKTpajibHOH KpuBoii L -A napBi CoKOJiOBa u LfBiraHOBa. Bjiaro^apa TaKofi cpopMe jjpnojiHHTejibHbix 
HHTerpajIOB K h G npn OTcyTCTBHH noerosHHoro rupocTaTHuecKoro MOMeHTa, yuajiocb BBiflejiHTB aHajiHTHuecKH mm hh- 
BapnaHTHBix ueTbipexMepHbix nojj;MHoroo6pa3Ha, Ha kotopmx HHjjyuHpoBaHHaa flHHaMHnecKaa CHCTeMa aBjiaeTca iiohth 
BCiofly raMHJibTOHOBOH c flByMa CTeneHaMH cbo6ojtbi. CucTeMa ypaBHeHHii, 3a,n,aioiHaa ojj,ho h3 HHBapnaHTHBix noflMHO- 
roo6pa3HH, aBjiaeTca o6o6meHHeM HHBapnaHTHbix cooTHomeHHit HHTerpupyeMoro cjiyuaa BoroaBjieHCKoro b flHHaMHKe 
TBepjj,oro Tejia. /Lra onucaHHa cpa30BOH TonojiomH Bceit CHCTenibi b hmom Hcnojib3yeTca MeTOfl KpHTHuecKHx noflcn- 
CTeM. fljia KajKfloli noflCHCTeMbi nocTpoeHbi 6HCpypKauHOHHbie jrnarpaMMbi h yKa3aHbi 6ncbypKauHH topob JiHyBHJiJia 
KaK BHyTpn noflCHCTeni, Tax h bo Bceii CHCTeMe b hmom. 
BH6jiHorpacpHa: 24 Ha3B. 

KjiroueBbie cjiOBa: ypaBHeHHa Knpxrocpa, Bnojme HHTerpupyeMbie raMHjibTOHOBbi CHCTeMbi, cneKTpajibHaa KpHBaa, 
OTo6pa>KeHHe MOMema, 6HCpypKauHOHHaa flnarpaMMa, 6ncbypKauHH topob JiHyBHJiJia 
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1 BBe^eHHe 

Ilpoinjio oflHHHaflu.aTb jier c Tex nop, kslk b pQ 6bijia flOKa3aHa HHTerpnpyeMOCTb CHCTeMbi ypaBHemiH 
Knpxrocpa 

_•_ dH dH a dH 

M = MX dM +aX d^ + f3X W 

a = a x — — p = p x — — 

C raMHJIbTOHIiaHOM 



Hi = M? + M| + 2M| + 2AM 3 - 2( ai + /3 2 ) + 2ei (M 2 a 3 - M s a 2 + M 3 /?i - Mifo) (1.2) 

3/;ecb TpexMepHbie BeKTopbi M,a,f3 npeflCTaBjraioT co6oit npoeKHHH "iiMnyjibCHBHoro MOMeHTa" h 
flByx CHjioBbix nojieii ("HMnyjibCHBHbix chji") Ha och, jkbctko CBH3aHHbie c TBep^biM TejiOM, e± - 
napaMeTp flecpopMauini. 

CooTBeTCTByiomaH CKo6Ka JlH-HyaccoHa 3a^aeTCH (popMyjiaMH 

{Mi,Mj} = ei jk M k ,{Mi,aj} = e ijk a k , {M, h fy} = e ijk (3 k , 



{a i ,a j } = 0,{a i ,p j } = 0,{p i ,p j } = 0, (1.3) 
£ijk = -k)(k-i), 1 < i,j,k 3. 

QyHKHHHMH Ka3HMHpa HBJIHIOTCH BbipaJKeHHH a 2 , cx ■ (3 h (3 2 . 

OTHOCHTejibHO cko6kh Jln-IlyaccoHa, 3a^aHHOH cooTHOiueHHHMH (jl .3j) , CHCTeMy (jl.lj) mojkho npe/b- 
CTaBHTb b raMHjibTOHOBOM BH^e: 

x = {Hi,x}, 

rpis nepe3 x o6o3HaHeHa jno6aa H3 KoopflHHaT. 

B pa6oTe [1] yKa3aHa cooTBeTCTByiomaa L — A napa fljia raMHjibTOHiiaHa ([1.2p . Xoporno H3BecTHO, 
hto KoscpcpHirneHTbi cneKTpajibHoit KpuBoit £i(z,£) = fljia L — A napbi Bcer^a hbjihiotch nepBbi- 
mh HHTerpajiaMH. 0Ka3biBaeTca Heo6xo^HMbiH flonojiHHTejibHbiit HHTerpaji (KoscpcpHinieHT npn z 4 b 
ajire6paHHecKoii KpiiBoft £i(z,Q = 0) mojkho Bbipa3HTb nepe3 ,apyrHe (He3aBHCHMbie iiohth Bcro^y) 
flonojiHHTejibHbie HHTerpajibi toh JKe cucTeMbi (cpopMyjia (|l,5p ). ^ecpopMainiH HHTerpnpyeMbix ra- 
MHjibTOHiiaHOB, aHOHCiipoBaHHbie b [T], ynoMHHaioTCH b KHiirax [2j ([2, cpopMyjia (4.18), c. 128]) h [3j 
([3] 3aMenaHHe 2, c. 265]). Ilpn OTcyTCTBHH BToporo cnjiOBoro nana (f3 = 0) h HajiiiHim HeHyjieBoro 
napaMeTpa A (napaMeTpa rnpocTaTHHecKoro MOMeHTa) HHTerpnpyeMOCTb flOKa3aHa B. B. Cokojiobmm. 
5lBHoe Bbipa»ceHHe ,a,onojiHHTejibHoro iiHTerpajia (Ha ajire6pe e(3)) coflepjKHTca b pa6oTax [2]. B 
[6j flonojiHHTejibHbiit HHTerpaji CoKOjioBa npeflCTaBjieH b BHfle, yjj;o6HOM jijih HccjieflOBaHHH cpa30BOH 
TonojiorHH b CHCTeMe c jiByMH CTeneHaMH cBo6o r n,bi. 
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JX.JI3. raMiijibTOHHaHa (|1.2|) flonojmHTejibHbie HHTerpajibi HMeioT cjiejxyiomHH bhjj;: 



1 1 12 

K t = -(Ml - M 2 ) + ai - ft + £i(M 3 a 2 - M 2 a 3 + Mgfr - Afift) - -e 2 (a 2 - /3 2 

12 



+ 



;i-4) 



+ [MiM 2 + a 2 + /3i + ei(MiQ!3 - M 3 ai + M 3 (3 2 - M 2) 5 3 )] z 
-A[(M 3 + \){Ml + M|) + 2(a 3 M! + faM 2 )\ + \e\{cx 2 + (3 2 )M 3 + 
+2Xei [a 2 Mf - ft M| - («i - ft)MiM 2 ] - 2Ae 2 w 7 - 
-2e 2 (a • /3)[a 2 + ft + M X M 2 + e x (a z M x - a x M 3 + ftM 3 - ftM 2 )], 
Gi = w 2 + uj + 2(M 3 + A)w 7 - 2a 2 ft - 2/3%+ 
+2 £l [a 2 (M 3 ft - M 1( S 3 ) + /3 2 (M 2 a 3 - M 3 a 2 )]+ 
+2(a • /3)[a 2 + A + £i(a 3 Mi - aiM 3 + ftM 3 - ftM 2 )], 

me 

Lj a = M\a\ + M 2 a 2 + M 3 a 3 , 
W/9 = Mi/?! + M 2 ft + M 3 ft, 

w 7 = Mi(a 2 /3 3 - a 3 ft) + M 2 (a 3 ft - aift) + M 3 ( ai (3 2 - a 2 ft). 

cpyHKHHH /Ci h Gi 3aniicaHbi TaKHM o6pa30M, hto6m hx mojkho 6mjio cpaBHHTb c HHTerpajiaMii I\ 
ii I 2 H3 pa6oTbi [7] iijiii [8]. A HMeHHO, ecjiii noncoKHTb 3HaHeHne napaMeTpa flecpopMauim E\ paBHbiM 
Hyjiio, to nojiynaiOTca BbipaJKeHiia jjjih I\ h I 2 (0 cpopMyjia (5), c. 57]). 

YKa»ceM aBHoe BbipajKeHHe ajireGpaiinecKOH KpiiBofi £\(z, £): 

fi(z,o = 4c 4 + 4c 2 + 4 = o, 

me 

d\ = -z 4 - ej(cx 2 + (3 2 )z 2 - ej[cx 2 p 2 - (a • /3) 2 ], 

4 = 2z 6 + [e 2 (a 2 + 1 ) -h x - \ 2 }z 4 + (a 2 + (3 2 - ej gi )z 2 + 2ej[ex 2 /3 2 - (ex • /3) 2 ], 
4 = -z 8 + /iiz 6 + 4 4 z 4 + 5 iz 2 - [a 2 (3 2 - (a • /3) 2 ]. 

KcecpcpiiiriieHT cZq 4 npii z 4 , KaK OTMenajiocb Bbinie, Bcer,n,a aBjiaeTca nepBbiM HHTerpajiOM. HaM yzja- 
jiocb Bbipa3HTb KosapcpimiieHT c?q 4 nepe3 Ka3HMHpbi a 2 , 1 h jipyriie (He3aBiiciiMbie iiohtii Bciojxy) 
flonojiHHTejibHbie HHTerpajibi (|1.4p toh »ce CHCTeMbi: 

<4 = + k i ~ \[h\ + 2e?(« 2 + / 3 2 )/i 1 + e 4 (a 2 - (3 2 ) 2 } -ex 2 - (3 2 , (1.5) 

r/j;e h\, gi K k\ — nocTOHHHbie nepBbix HHTerpajioB (|1.2|) h (|1.4|) . 

,Hjih nojiHOTbi npiiBe,n,eM cpopMyjibi ,n,jia /rpyroli flecpopMauiiii raMiijibTOHHaHa H 2 , iiHTerpiipyeMOCTb 
KOTopoft TaKJKe ^OKa3aHa b [1]: 

H 2 = Ml + M| + 2M 3 2 + 2AM 3 - 2e 2 ( ai + fa) + 2(M 2 a 3 - M 3 a 2 + M 3 fa - M x fa). (1.6) 

3flecb e 2 - napaMeTp /jecpopiviairiiH. 

,H,onojiHiiTejibHbie HHTerpajibi K 2 ii G 2 ^Jia raMHjibTOHHaHa (|1.6p HMeioT cooTBeTCTBeimo bii/i,: 
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(1.7) 



r^e 



n i i 2 

K 2 = -(M 2 - M 2 ) + e 2 ( ai - /3 2 ) + M 3 a 2 - M 2 a 3 + - M^ 3 - -{a 2 - p 2 ) + 

+ [MiM 2 + e 2 (a 2 + fa) + M x a 3 - M 3 a x + M 3 (3 2 - M 2 (3 3 } 2 - 
-A[(M 3 + A)(M 2 + Ml) + 2£ 2 (a3M! + /3 3 M 2 )] + A(a 2 + f3 2 )M 3 + 
+2A[a 2 M 1 2 - faMl - (ai - fa)M x M 2 \ - 2Aw 7 - 
-2(a • f3)[e 2 {a 2 + A) + M X M 2 + a 3 Mi - a x M 3 + /3 2 M 3 - /3 3 M 2 ], 
G 2 = w 2 + + 2(M 3 + A)w 7 - 2e 2 (a 2 /3 2 + /3 2 ai)+ 
+2[a 2 (M 3 /?! - MiPs) + [3 2 (M 2 a 3 - M 3 a 2 )] + 
+2(a • /3)[e 2 (a 2 + fa) + a 3 M 1 - ai M 3 + (3 2 M 3 - /3 3 M 2 ], 
Ajire6paHHecKaH KpHBaa 8 2 (z,Q) 3a,n;aeTCH BbipaJKeHHeivi: 

£ 2 (z,C) : d 2 C 4 + (i|C 2 + 4 = 0, 

di = -z 4 - (a 2 + /3 2 )z 2 - [a 2 (3 2 - (a ■ f3) 2 }, 
4 = 2z 6 + (a 2 + (3 2 -h 2 - A V + [e 2 (a 2 + (3 2 ) - g 2 ]z 2 + 2e 2 [a 2 f3 2 - (a ■ f3) 2 ], 
4 = -z 8 + h 2 z 6 + 

+ [92 + k 2 -\[h 2 2 + 2(a 2 + (3 2 )h 2 + (a 2 - (5 2 ) 2 } - e 2 (a 2 + (3 2 )]z*+ 

+e 2 g 2 z 2 -ej[cx 2 (3 2 -( a -f3) 2 ]. 

3flecb nepe3 h 2 , k 2 , g 2 o6o3HaHeHM nocroHHHbie nepBbix HHTerp ajioB (|1.6p h (|1.7p . 

KaK noKa3aHO b [9 J , |10] , [IT] 6e3 orpaHHHeHHH o6ihhocth mojkho CHHTaTb BeKTopbi a h /3 B3aHMHO 
opToroHajibHbiMH, npHHeM \a\ \f3\. Tor^a reoMeTpiinecKHe HHTerpajibi, nopojKflaeMbie cpyHKHH«MH 
Ka3HMHpa, 3anHinyTCH b BH^e 

\a\ 2 = a 2 , \{3\ 2 = b 2 , a ■ (3 = 0, (a > b > 0). (1.8) 

Hejib HacToameft pa6oTbi — npe^b-HBHTb HOBbie HHBapnaHTHbie neTbipexiviepHbie no,n,MHoroo6pa- 

3HH, Ha KOTOpblX HHflyiHipOBaHHaH flHHaMHHeCKBH CHCTeMa HBJIHeTCa nOHTH BCIOfly raMHJIbTOHOBOH c 

flByMH CTeneHHMH CBo6oflbi. Mm TaioKe aHOHcnpyeM aTjiac GncpypKaHHOHHbix /niarpaMM h caMH /pa- 
rpaMMbi TaKiix CHCTeM. Mm npiiBO^HM hobmh ceTeBolt iiHBapnaHT Ha H303HepreTHHecKoft noBepxHOCTH, 
KOToporo HeT b cnncKe ceTeBbix HHBapnaHTOB b 3a/;aHe o flBHJKeHHH BOjiHKa KoBajieBCKoii b ^bohhom 
nojie chji. 

2 ITepBaa CHCTeMa o6o6m;eHHe HHTerpnpyeMoro cjiynaa BoroaBJieH- 
CKoro b ^HHaMHKe TBep^oro Tejia 

llpn OTcyTCTBHH nocTOHHHoro rnpocTaTHHecKoro MOMeHTa (napaMeTp A paBeH Hyjuo) ^onojiHHTejibHbie 
HHTerpajibi (|1.4|) npHHHMaioT bh^: 

K = Z 2 + Zl 

G = w 2 + + 2M 3 w 7 - 2a 2 (3 2 - 2(3 2 ai + q.I) 
+2e[a 2 (M 3 fa - Mifo) + (3 2 (M 2 a 3 - M 3 a 2 )}, 
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r^e 



Zi = ^(M 2 - Ml) + ai - ft + e(M 3 a 2 - M 2 a 3 + Mtfx - MM - ^(a 2 - /3 2 ), 



Z 2 = MiM 2 + a 2 + Pi+ e(Mia 3 - M 3 «i + M 3 (3 2 - M 2 f3 3 ). 
3/i,ecb h flajiee fljia KpaTKOCTH o6o3HaHeHO s = e\ . 

PaccMOTpHM cpa30Boe npocTpaHCTBO "P 6 , 3a,n;aBaeMoe ypaBHeHHaMii (|1.8p . 

IIpeflJicxttceHHe 1. CucmeMa coomHomeHuu 

Zi = 0, Z 2 = (2.2) 

onpedejinem UHeapuanmHoe uemupexMepnoe nodMHOzoo6pa3ue M. i cfxL3oeozo npocmpancmea V e ypae- 
HeHuu M-l\) c zaMUJitmoHuanoM 

H = Ml + Ml + 2M| - 2(ai + /3 2 ) + 2e(M 2 a 3 - M 3 a 2 + M 3 /?i - Mi/3 3 ) (2.3) 

/^OKasameAbcmeo. ^eitcTBHTejibHO, c yneTOM (|1.8p n (j2.2[) HMeeM: 

Zi = {H, ZJ = 4M 3 Z 2 = 0, Z 2 = {if, Z 2 } = -4M 3 Zi = 0. 

□ 

npe,u,jio:>KeHHe 2. QyHKi^UH 
Fq = {Zi, Z 2 } = 

= [Ml + M| + 2e 2 ( ai (3 2 - Q2/30 - e 2 (a 2 + 6 2 )]M 3 + 2(M ia3 + M 2 /3 3 )+ 

+2e 2 [M 1 (a 2 /3 3 - a 3 /3 2 ) - M 2 (ai/3 3 - a 3 ft)] + 2e[M 1 M 2 (a 1 - /3 2 ) - Affo + Ml Pi] 

HeASiemcH nepeuM UHmezpanoM na nodMHOzoo6pa3UU M\, 3adaHH0M ypaeneHUHMU 112.2]) . 

/^OKasameAbcmeo. ^eftcTBHTejibHO, b cnjiy TCOK^ecTBa 5Iko6h, npaBHjia JIeft6HHii,a a ypaBHemiii (12. 2p . 
Haxo^HM: 

F = {H, F } = {H, {Z 1: Z 2 }} = 4Z!{M 3 , ZJ + 4Z 2 {M 3 , Z 2 } = 0. 

□ 

OTMeTHM, HTO CHCTeMa ypaBHeHHH ()2.2P HBJIHeTCH o6o6m;eHHeM HHBapiiaHTHblX COOTHOineHHH HH- 

TerpnpyeMoro cjiynaa BoroHBjieHCKoro b /nmaMHKe TBep^oro Tejia |12l cpopMyjia (6.6), c. 904]. 

B TOHKax no^MHorooGpasHH M \ Henocpe^cTBeHHo npoBepaeTca cnpaBe,a,jiHBocTb a/ie,zryiomero tojk- 
,n,ecTBa, KOTopoe HBjiaeTCH o6o6meHiieM cooTBeTCTByiomeH (popMyjibi pa6oTbi [13J: 

{2 + e 2 [e 2 {a 2 + /3 2 ) + H]}[{a 2 + (3 2 )H -2G + e 2 (a 2 - (3 2 ) 2 } - F 2 = 0. 

IlepeHHCJiHM (popMajibHO (6e3 ycjioBHH cymecTBOBaHHa) Bee nojiojKeHHH paBHOBecira a(M,a,f3) h 
hx o6pa3bi Pi b M 3 (/i, k, g). nojiojKeHiia paBHOBeciia hbjihiotch oco6eHHOCTaMH paHra OTo6pajKeHHH 
MOMeHTa T = H x K x G, nopc-JK^aeMoro nepBbiMH HHTerpajiaMH (|2.ip . (|2.3p . Oco6eHHOCTii paHra 
o6pa3yioT HyjibMepHbift octob So 6HcpypKaiiHOHHOH /niarpaMMbi E (o6pa3a MHOJKecTBa KpiiTHHecKHX 
3HaHeHHH OTo6pa>KeHHH MOMeHTa): 

/ Va 2 e 4 - 1 1 Va 2 £* - 1 , \ 
ci )2 = 0,T ,0,-,0,± ^ '°' 6 ' ' 



Pi 



1,2 



l + a 2 e 4 + 26e 2 (6e 2 - l) 4 6(6 + a 2 6e 4 + 2a 2 e 2 ) 



e 2 ' 4e 4 ' e 2 



/ Va 2 e 4 - 1 1 Va 2 e 4 - 1 
c 3 ,4= 0,^^ — ,0,^,0, ,0,-6,0 



P- 



3,4 



1 + a 2 e 4 - 26e 2 (6e 2 + l) 4 6(6 + a 2 6e 4 - 2a 2 g 2 ) 
e 2 ' 4e 4 ' e 2 
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/ V6 2 e 4 - 1 1 V6 2 e 4 - 1 
C5,6 = I ± ; ,0,0, a, 0,0,0, -j,± ^ 



ft 



l + 6 2 e 4 + 2ae 2 (ae 2 - l) 4 a(a + a6 2 e 4 + 26 2 e 2 ; 



e 2 ' 4e 4 ' e 2 



/ V6 2 e 4 - 1 1 V6 2 e 4 -f 
C7,8 = | ± : , 0, 0, -a, 0, 0, 0, -g,± 2 



Pi 



l + 6 2 e 4 -2ae 2 (ae 2 + l) 4 o(a + a6 2 e 4 - 26 2 e 2 ) 



C9,io,ii,i2 = (0, ±o,0, 0,0, ±6,0) , 

^9,10,11,12 = (±2(a ± 6), i(o T 6) 2 [e 2 (a ± 6) - 2] 2 , T 2a6(a ± 6)^ , 

^~^2 V6% 4 - 1 1 V6 2 £ 4 - 1 , /-^ — V6 2 £ 4 -l 1 \ 

C13-16 = I 0,=F£V« 2 - 2 ,=F , ^ ^ V « - » , ± ^ ' ^2' I ' 

/ e 4 (a 2 + 6 2 ) + 2 ffl2 + 6 2 + 2a 2 6 2 £ 4 

A3-I6 - I j 2 ,0, j 2 

( y £ 4 (a + fe) 2_ 4 2 g v / £ 4( a + b )2_ 4a v / £ 4 (a + 6) 2 - 46 26 \ 

c 17 ,i 8 ^u,u,± 2£ '^(o + fe)'* ( a + 6)e 2 ' ,T (a + 6)e 2 'e 2 {a + bY )' 

( e 4 (a + 6) 2 + 4 n [e 4 (a + 6) 2 + 4]a6 
17,18 = V 2^ '°' 2^ 



- ( n n , y/ g 4 (a- 6) 2 -4 2a y^a - 6) 2 - 4a y £ 4 (a - 6) 2 - 46 26 

c 19 , 20 - ^0,0,± - (^3^2 (^^2 '-^2^)'^ 

/ £ 4( a _ 6 )2 +4 [£ 4 (a _ 6) 2 +4]ab 

Fl9,20 - ^ ^ , 0, — 2 

Ilpn e > max{^; \J~~^~b} no^MHoroo6pa3He Ai\ co^epjKiiT nojiojKemiH paBHOBecira ci3_2o- HajiH- 
HHe oco6eHHOCTeii paHra b CHCTeMe M\ ii hx aHajiHTHHecKaa KjiaccucpiiKauHH no Timy no3BOjiaeT 
npiiivieHHTb MeTO,n KpyroBBix Mojiexyji /yia aHajiH3a 6n(pypKauiiii TopoB JIiiyBHjijia h nocTpoeHiia hh- 
BapnaHTa QoMeHKO-IlniiiabTa |14j . CooTBeTCTByiomaH 6ii(pypKauHOHHa5i ^narpaMivia Si OTo6pajKeHHH 
MOMeHTa T\ = H x Fq H3o6pa»ceHa Ha pnc. 1. 3,a,ecb »ce yxasaHbi 6HcpypKauHH TopoB JlnyBUjijiH. 

Ilpn yKa3aHHbix 3HaHeHHHX napaMeTpa ^ecpopMauiiii e napaMeTpii3aii;Hio 6H(pypKau,HOHHOii ,pa- 
rpaMMBi Si «bho mojkho onncaTb cjie^yiomiiM o6pa30M: 



<5i : I 



h = -e 2 (a 2 + b 2 ) + 2t(2 + e 2 t) - -(1 + e 2 t)yj{a 2 - t 2 ){b 2 - t 2 ), 



f = ± j(l + e 2 t)\l e 2 y{a 2 - t 2 )(b 2 - t 2 ) - t 2 } - t^/(a 2 - t 2 )(b 2 - t 2 )(V 'a 2 - t 2 + \A 2 - t 2 ), 
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fa : < 



Phc. 1: BiK^ypKaijHOHHafl /piarpaMMa Si OTo6p a JKeHHH MOMeHTa F\ = H x Fq. 
h = -e 2 {a 2 + b 2 ) + 2t{2 + e 2 t) + -(1 + e 2 t) ^(a 2 - t 2 )(b 2 - t 2 ), 



fo = ±-(1 + e 2 t)\le 2 W{a 2 -t 2 ){b 2 -t 2 ) + t 2 ] + t^(a 2 - i 2 )(6 2 - t 2 )(Va 2 - t 2 - Vb 2 - t 2 ) 
t E [-65—3], 



fa ■ < 



h = -e 2 (a 2 + 6 2 ) + 2t(2 + e 2 t) - -(1 + e 2 t)y/(t 2 - a 2 ){t 2 - b 2 ), 



fo = ±-(1 + e 2 t)^e 2 [t 2 - yj{t 2 -a 2 ){t 2 - b 2 )] + t {/(t 2 - a 2 )(t 2 - b 2 )( ^t 2 - a 2 - \A 2 - b 2 ) 



^ t £ [t ; -a]. 
3flecb nepe3 to o6o3HaHeHo BbipajKeHiie 

1 



to = -^2 [4 + e 4 (a + 6) 2 + y/16 + 8(a 2 + b 2 - 6a6)e 4 + (a + 6)% 8 ]. 



5 4 : < 



ft = -e 2 ( a 2 + 6 2 ) + 2t(2 + e 2 t) + -(1 + e 2 t) ^(a 2 - t 2 ){b 2 - t 2 ), 



fo = ±~(1 + e 2 t)y/e 2 [y/(fi? - t 2 ){b 2 - t 2 ) + t 2 ] + t^/(a 2 - t 2 )(b 2 - t 2 )(vV - t 2 - Vb 2 - t 2 ) 
k t€ (0;6], 



5s : < 



h = -e 2 (a 2 + b 2 ) + 2t{2 + e 2 t) - -(1 + e 2 t)y/(t 2 - a 2 ){t 2 - b 2 ), 



fo = ±-(1 + e 2 t) \Js 2 [t 2 - ^J(t 2 -a 2 ){t 2 -b 2 )} + t^/(t 2 - a 2 )(t 2 - b 2 )(Vt 2 - b 2 - Vt 2 -a 2 ), 



t G [a, +oo). 

3 BTopaa CHCTeMa 

IIo-npejKHeMy, npe^nojiaraeM A = 0. PaccMOTpHM cpyHKiptOHajiBHoe paiseHCTBO, KOTopoe BBinojiHaeTCH 
TOJK^ecTBeHHO b TOHKax cpa30Boro npocTpaHCTBa "P 6 : 

[2 + e 4 (a 2 + /3 2 ) + e 2 H} 2 - Ae 4 K = Q 2 + Q 2 + Q 2 , (3.1) 

r^e 

Qi = 2e[(a 3 /3 2 - a 2 /3 3 )e 3 + (a 2 Mi + /3 2 M 2 + /3 3 M 3 )e 2 - (MiM 3 + a 3 )e - M 2 ], 

Q 2 = 2e[(a 3 /3 1 - ai/3 3 )e 3 + (ariAfi + ftM 2 + a 3 M 3 )e 2 + (M 2 M 3 + /3 3 )e - Mi], 

Q 3 = 2[(a 1 /3 2 - a 2 /?i)e 4 + e 3 ^ - a 2 )M 3 + (M 2 - ai - /3 2 )e 2 + 1]. 
Bbi6epeM nocTOHHHbie nepBBix HHTerpajiOB, ynoBjieTBopHiomHX cooTHOineHHio 

k = -L[2 + e\a 2 + b 2 )+e 2 h} 2 . 

Toiyja cooTHonieHiie (|3,ip npiiBo^HT k cncTeMe ypaBHeHiift 

Q k = 0, k = 1,2,3, (3.2) 

KOTOpaH paBHOCHJIBHa OflHOH H3 CHCTeMI 

jih6o 

Qi = 0, Q 3 = 0, (3.3) 

jih6o 

Q 2 = 0, Q 3 = 0. (3.4) 

OrpaHHHHMCH BBi6opoM napaivieTpa flecpopMaipiH e > max{ ; <J ■ B btom cjiynae CHCTeMaM (|3.2|) 
- (|3.4|) y^oBjieTBopHioT nojioJKeHHa paBHOBeciia c\—c& h ci 3 - Ci6- Hckjiiohhm H3 paccMOTpeHHH yKa- 
3aHHbie nojio>KeHHH paBHOBecna. Torfla HMeeT MecTO 

IlpeflJioaceHHe 3. CucmeMa coomHoiuenuu \3. 3\) onpedejinem UHeapuanmHoe HemupexMepnoe nod- 
MHOzoo6pa,3ue M.2 (fia3oeoso npocmpaHcmea V e ypaeneHuu hl.l\) c zaMUAvmoHuanoM 

/^OKa3ameAt>cmeo. ^eficTBHTejibHO, cnpaBefljiHBBi paBeHCTBa 

Qi = {H, Qi} = anQi + ai 2 Q 3 , 

Q 3 = {H, Q 3 } = a 2 iQi + a 22 Q 3 , 
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r^e 



a n 



«12 



«21 



022 



e(a 2 e - M 3 ) 



[01(02 - /3i)e 3 - e 2 M 3 ai + £(& - a 2 ) + M 3 



a 2 e - M 3 
2 



a 2 e - M 3 
2e(3 3 (M 2 + ea 3 



[e 2 a 3 /3i + e(/3i - a 2 )M 2 + M 2 M 3 



[(a 2 a 3 - ai/3 3 )e 2 - ea 3 M 3 + /3 3 ], 



a 2 e - M 3 
B cHjiy (|3.3p HMeeM: Q\ = 0, Q 3 = 0. 

B TOHKax no,n;MHoroo6pa3H5i A4 2 (pa30Boro npocTpaHCTBa V 6 BbinojiHHioTca cooTHoineHHH 

e 2 [e\G + 2e 2 cx 2 (3 2 ) — H] — 2 = e 4 F 2 , 

F 1 = {H,F 1 } = 0, 
rp<e Bbipa»ceHHe fljra F% onpe^ejieHO (popMyjiolt 



□ 



(3.5) 



Fi 



^2e 2 -l) 2 + e 2 (M 3 -ea 2 ) 2 -A 



(e 2 /3 2 -l)(a 2 e-M 3 )(Q 1 -/3 2 )e 2 ' 
A = (a 2 2 ai/3 3 + a 3 /3 2 2 a 2 - a 3 a 2 ai/3 2 + a 3 /3 3 2 a 2 + /? 3 /3 2 ai 2 ) e 5 + 

+ (-2a 2 M 3 ai/3 3 - a 3 f3 3 a 2 Mi - a 3 (3 3 2 M 3 + a 3 M 3 ai/3 2 - a 3 /3 2 2 M 3 - /3 2 VMi - a 2 2 aiMi) e 4 + 
+ (a 3 /3 3 M 3 Mi + a 3 a 2 ai + M 3 2 aif3 3 - /3 3 ai 2 + 2 a 2 M 3 a 1 M 1 - ai/3 2 /3 3 - a 3 /3 2 a 2 ) e 3 + 

+ (-a 3 M 3 ai - M 3 2 aiMi + a 3 /3 2 M 3 + /3 2 2 Mi + anfoMi) e 2 + ai£/3 3 - /3 2 Mi. 

3aMeTiiM, hto an + «22 7^ 0, nosTOMy CKo6Ka {Qi,Q 3 } He jrajraeTCH HHTerpajioM. B KanecTBe 
BToporo ^onojiHHTejibHoro HHTerpajia mojkho B3STb cpyHKiniio G H3 (|2.ip hjih, b cnjiy (|3.5p . cpyHKUHio 

Ha piic. 2 H3o6pa>KeHbi 6H(pypKan^iOHHaH flnarpaMMa S 2 oTo6pajKeHHH MOMeHTa = H x G h 
6iicpypKaii,HH TopoB JIiiyBiuijia. 

riapaMeTpii3aii,HH 6ii(pypKaii;HOHHOH ^iiarpaMMbi S 2 oniicbiBaeTca cjieflyiomiiMH kphbmmh: 
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h = ^ + (e l + -^){a 2 - b 2 ), g > -e 2 b 2 (a 2 + b z ) - 



2a 2 



h 



.+\-2e 2 a 2 b 2 , h> -l[ e 4 (a 2 + 6 2 ) + 2], 



1 



1 



(e 2 + -^){a 2 -b z ), g> -^{a z + b l + 2eVfr 



e 2 a 2 



1 6 2 a 2 6 2 



2h2 



o o „ o i 2(2 ^ 

-e 2 a 2 b 2 k + 



i G [-e 2 a&; -6] U [b;e 2 ab]. 
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Phc. 2: BiicpypKauiioHHaH ,zn*arpaMMa E2 OTo6pa»ceHHa MOMeHTa T2 = H x G. 



4 TpeTbH h neTBepTaa CHCTeMbi 

3aMeTHM, hto nepBbie ^Be no/jcHCTeMbi A4\ a M2 yflOBjieTBopaioT cooTHoineHHHM 

Li{K,H,G)=0, dLi(K, H, G) = 0, a = 1,2, 

ecjiH nojiojKHTb L\ = K h L2 = [2 + e 4 (o: 2 + f3 2 ) + e 2 f/] 2 — 4e 4 ET cooTBeTCTBeHHo. 
IloBTOMy nocjie^HHe ,n,Be noflCHCTeMBi .M3 h .M4 onpeflejiHM ypaBHeHHHMii: 

Li(K,H,G)=0, dLi(K, H, G) = 0, t = 3,4. 

CucTeMy A^3 onpe^ejiiiM Bbi6opoM cpyHKUHH 



(4.1) 



(4.2) 



L3 = [ ^ +b 2 )H _ 2G -e\a 2 -b 2 ) 2 } 2 



4(a 2 



K, 



a CpyHKUHK) L4 flJIH A^4 MOJKHO HBHO 3anHCaTB, HCKJIIOHHB 113 CHCTeMBI 

$m = o, — ^ = o 

w ' dt 



(4.3) 



napaivieTp t h no^cTaBHB b nojiyneHHoe Bbipa»ceHiie BMecTO nocTOHHHbix nepBbix HHTerpajiOB h,k,g 
(pyHKipiii H,K a G. 3,a,ecb nepe3 <E>(i) o6o3HaHeH MHoroHjieH 



k-e z g)t-gt + a 2 b 2 . 



$(t) = t 4 - /it 3 + Q[/i 2 + 2e 2 (a 2 + & 2 )/i + e\a 2 - b 2 ) 2 ] + a 2 + b 

IlapaivieTp t b pe3yjibTaTe HCKjironeHHH H3 CHCTeMbi (|4.3p k&k cpyHKUHH T = T(H, K,G), Ha caMOM 
flejie, aBjiaeTca nacTHbiM HHTerpajioM ^jih CHCTeMbi 

OTMeTHM, hto ypaBHeHHio L^(h,k,g) = npimafljiexaT ^Be npHMbie 



g = abh, 



k = -(a- b) 2 [e 4 (a + b) 2 + 2e 2 h + 4], 
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-abh, 



k = -( a + b) 2 [e 4 (a - b) 2 + 2e 2 h + 4]. 
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CiiCTeMy (|4.3|) (noBepxHOCTb KpaTHbix KopHeli MHoronjieHa mojkho 3anncaTb b napaMeTpn- 

necKOM BH^e cjie/iyioinHM o6pa30M: 

( 1 a 2 b 2 

k = 3t 2 - 2th + a 2 + b 2 + -h 2 =-+ 

4 t 2 

< + [2t 3 - ht 2 + \(a 2 + b 2 )h - 2 -^f]e 2 + \(a 2 - b 2 fe\ 
2a 2 b 2 

g = -2t 3 + ht 2 + , teR\0. 

v t 

Ecjih b npHBO^iiMbix Bbinie cpopMyjiax noiioJKHTb napaMeTp flecpopMannn e paBHbiM Hyjiio, to 
nojiyHHM (popMyjibi fljra aHajioroB CHCTeM .M3 n .M4 b sa^ane o6o6meHHH BOJiHKa KoBajieBCKon Ha 
cnynan flBoftHoro nojia [9], [E], [IS], [IT], Q2], [E], (20]. 

IlpH £ > max{^; yj 6ncpypKanHOHHbie ^HarpaMMbi S3, S4 OTo6pa)KeHHH momchtob .F3 = 
G x H w J-4 = T x H fljia CHCTeM .M3 n M4 H3o6pajKeHbi Ha pnc. 3 h 4 cooTBeTCTBeHHo. Ha bthx 
jKe pncyHKax yKa3aHbi h 6ncpypKan i HH TopoB JlnyBHjijrH. B ocHOBe aHajiH3a 6ncpypKanHHH TopoB JTh- 
yBHjuiH jie»caT aHajiHTnnecKne pa6oTbi [9], |T3], |16] , |17j . |18j . |19) . |20| h [24] . 3aKpanieHHbiM o6jia- 

CTHM COOTBeTCTByiOT yCTOHHHBbie flByXHaCTOTHbie nepHOflHHeCKHe peUieHHH HJIH, B flpyroA TepMHHO- 

jiorHH, HeBbipoJK^eHHbie oco6eHHOCTH paHra 2 sjijinnTHnecKoro THna nojiHoro OTo6pajKeHHH MOMeHTa 
J 7 = H x K xG, a ocTajibHaa nacTb — /TByxnacTOTHbiM nepno/pinecKHM pemeHHHM (flByMepHbiM Topaivi) 
rHnep6ojiHHecKoro THna no OTHonieHHio ko Been CHCTeMe c TpeMH CTeneHHMH cbo6o/hj. IlocTpoeHHH 
BejiHCb fljia cjie^yioinHX 3HaneHHH napaivieTpoB: a = l,b = t,e = 3. 




Phc. 3: BncpypKanHOHHaH ^narpaMivia S3 OTo6pa»ceHHH MOMeHTa J-3 = G x H. 
Ilpefl'bHBHM HBHoe onHcaHHe (napaMeTpn3arnno) 6ncpypKan,HOHHOH /niarpaMMbi S3: 



11 




Phc. 4: BncpypKauHOHHaH /niarpaMMa E4 OTo6pa>KeHHH MOMeHTa T± = T x H. 



h = l--{e 2 + -^){a 2 -b 2 ), g> -^(a 2 + b 2 + 2eW 



h = 2t + 



1 

e 2 a z 
a 2 + b 2 



t 



g = (a 2 + b 2 )t + 



2a 2 b 2 
t 



g = a 2 h + 2a(a 2 -b 2 ), 
g = a 2 h-2a{a 2 -b 2 ), 
h 



t € [s 2 b 2 ; — =■] U (0,;+oo), 
1 + 2e 2 a + e 4 b 2 



9_ 

b 2 



1 , 
e 2 b 2 ' 



,2 l2> 



g = b 2 h-2b{a 2 -b 2 ), h> 
g = b 2 h + 2b(a 2 -b 2 ), 

IlepeceHeHHe chctcm A^i h npoHcxo/niT b TOHKax BbipoJKfleHiia HHflyn,HpoBaHHoli CHMiuieKTii- 
HeCKOH CTpyKTypbl, HTO COOTBeTCTByeT Ha pnc. 3 npHMofi 





e 2 


1 - 


2e 2 a + e A b 2 




e 2 


9 


> -e 2 b 2 {a 2 - 


1 + 


2e 2 b + e 4 a 2 




e 2 


1 - 


2e 2 b + e A a 2 



2a l 



h 



1 [2g-e 2 (a 2 -b 2 n g> -ha 2 + b 2 + 2e 4 a 2 b 2 ) 



a 2 + b 2 
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riapaMeTpn3aii,HH 6ncpypKanHOHHOH /inarpaMMbi S4 hbho onncbiBaeTca cncTeMon KpHBbix: 
h = - e 2 (a 2 + b 2 ) + 24(2 + e 2 t) - j{\ + £ 2 t)vV ~t 2 )(b 2 -t 2 ), t G [-1; 0), 



(a 2 


-4 2 )(6 2 


-t 2 ). 


'(a 2 


-4 2 )(6 2 


-t 2 ). 



4 e 



2 J 



ft = -e 2 ( a 2 + b 2 ) + 24(2 + e 2 4) - -(1 + e 2 t)^(t 2 - a 2 )(t 2 - b 2 ), t G [4 ; -a] U [a; +00), 

h = 2t + ^-, t G [to; ti] U (0; +00); h = 2t-^-, t G [4 3 ; 0) U [i 2 ; +00), 
e 2 a 2 6 2 1 

/i = 24 = 4 G [— e 2 a6; —61 U [6; e 2 ab], 

1^2e 2 a + £ 4 b 2 , , 1^2e 2 6 + e 4 a 2 

t = ±a, = ; 4 = ±6, > 



£ 2 ' — » £ 2 



B cpopMyjiax (|4,4|) nepe3 4& o6o3HaneHbi BbipajKeHHH 

*o,i = -^[ £4 (° + 6) 2 + 4 ± Vl6 + e 8 (« + by + 8(o 2 + 6 2 - 6o6)e 4 ], 
1 



(4.4) 



4 2 ,3 = -7TT[e 4 (a - &) 2 + 4 T \/l6 + e 8 (a - 6) 4 + 8(a 2 + 6 2 + 6a6)e 4 ]. 



3aKpanieHHaa o6jiacTb orpaHnneHa KpHBbiMH 

£ 4 (a 2 + 6 2 ) + 2 



a 2 + 6 2 I 
h = 2t + , 4 G [-e 2 6 2 ;-^] U (0;+oo), 



^ = 34+^, t6[-^W;t4]U(0;f 5 ], 
r^e t4 5 5 - e^HHCTBeHHbie KopHH ypaBHeHnn 

4 3 (a 2 + b 2 - 2t 2 )e 2 - 4 4 + a 2 b 2 = 2t 2 {l + e 2 t)^J{a 2 - t 2 )(b 2 - t 2 ), 4 G [-6; 0), 



4 4 - 4 3 (a 2 + b 2 - 2t 2 )e 2 - a 2 b 2 = 2t 2 {l + e 2 t)^ (t 2 - a 2 )(t 2 - b 2 ), t G [a; +00) 



5 ATJiac 6H(J)ypKai],HOHHi>ix ^HarpaMM h npHMep ceTeBOH flHarpaMMbi 

B 3tom pa3^ejie npHBO/niTca aTjiac 6ncpypKanHOHHbix flnarpaMM nojiHoro OTo6pa»ceHHn MOMeHTa J- = 
H x K x G n ero (pparMeHT. Ha pnc. 5. no och a6cnncc OTKjiaflbiBaeTca ypoBeHb 3Heprnn h, no 
ocn op^HHaT - OTHOineHne -. ATjiac nocTpoeH /yin 3HaneHHH napaMeTpoB: a = l,e = 2. Bee KpnBbie, 
KOTopbie opopMnpyioT aTjiac, aHajiHTnnecKH onpeflejinioTCH no GncpypKannoHHbiM /niarpaMMaM k = 
1,...,4. 

fljia nocTpoeHHH 6H(pypKannoHHon ^narpaMMbi Sft MHOJKecTBa £ nojmoro OTo6pajKeHHH MOMeHTa 
T = H x K xG Ha ypoBHe h = ho Heo6xo,n;HMO 3a(pHKcnpoBaTb 3HaneHHH napaMeTpoB a, £. TeM caMbiM 
onpe,a,ejieHO ceneHne aTjiaca c KaMepaMH. fljia onpeflejieHHon KaMepbi Bbi6npaeM 3HaneHHH napaMeTpoB 
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Phc. 5: Araac 6ii(pypKari,HOHHbix /uiarpaMM nojmoro OTo6pajKeHna MOMeHTa 
J r = HxKxGn ero cpparMeHT. 

b h Hq (ceneHHe H303HepreTHHecKOH noBepxHOCTii) . Ha 6ncpypKan,HOHHbix ^iiarpaMMax E^, k = 1, . . . , 4 
(piic. 1-4) 3to cenemie OTMeneHO nyHKTHpHoft jiHHHeft. Ha yKa3aHHbix /niarpaMMax fljia Bbi6paH- 
Horo ceneHHa ho aiiajiHTHHecKH bmhhcjihiotch rpaHHHbi, no KOTopbiM h ctpoiitch 6iicpypKaD;noHHaH 
^narpaMMa E^. 

Ha piic. 6 6H(pypKau,HOHHaH fliiarpaMMa E/j nocTpoeHa /i;jih cjie,n;yiomHX 3HaHeHHH napaMeTpoB: 
a = 1, b = g, s = 3, ho = — 0, 25. Ha cTeHKax KaMep yKa3aHbi KaK KOJinnecTBo KOMnoHeHT (flByMepHbix 
topob), TaK h cooTBeTCTByiomHe 6H(pypKauHH b cHCTeMe c TpeMH cTeneHHMH CBo6oflbi. Jlflu npoivie- 
JKyTKa (f,q), KOTopbili OTBenaeT ciicTeMe Aii, KoniiHecTBO ^ByiviepHbix TopoB Heo6xo/i,HMO yaBOHTb. 
npHMep ceTeBoii /niarpaMMbi ^jih Bbi6paHHoro H303HepreTHHecKoro ceneHHH (aHajiora MHoroMepHoii 
ceTH OoMeHKO |21j . |22j ) yKa3aH Ha pnc. 7. TaKoft ceTeBoft fliiarpaMMbi HeT cpe/ni ceTeBbix ^HarpaMM 
b saflane o flBH»ceHHH BOJiHKa KoBajieBCKoii b abohhom nojie, nojiHbifi ciihcok KOTopbix npe^cTaBjieH b 
[23j. nosTOMy HHKaKHMH 3aMeHaMH nepeivieHHbix paccMaTpiiBaeMyio ciicTeMy Hejib3H npeo6pa30BaTb 

B H3BeCTHbie. 




Phc. 6: BHCpypKauiioHHaa /niarpaMMa E^ rjik 3HaHeHHit napaMeTpoB 
a = 1,6 = §,e = 3, h = -0,25. 
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Piic. 7: CeTeBaa /ruarpaMMa. 



6 3aKJiK)HeHHe 

B ^aHHoii CTaTbe npe/yiOHceH bo3mo>khe.ih noflxofl k onncaHHio cba30BOH TonojioriiH hoboh HHTerpn- 
pyeMoli CHCTeMBi c TpeMH CTeneHSMH CBo6o,abi, Hcnojib3ya Memp, KpHTHnecKHX no^cncTeM. IloHHTHe 
KpiiTHHecKoii no^cHCTeMbi BBe,n,eHO M. n. XapjiaMOBbiM b Hanajie 2000-x to^ob b 3a,n;aHe Hccjie^oBa- 

HHH (pa30BOH TOnOJIOrHH HenpHBQUHMblX CHCTeM C TpeMH CTeneHHMH CBo6oHbI. OcHOBy pe3yjIbTaTOB, 

aHOHCHpoBaHHbix b flaHHoft pa6oTe, cocTaBjiaioT ny6jiHKanHH [9], |10j . |15| . |16j . |17j . |18] , [19j, 

M- M- M- 

AHajioriiHHbie Hccjie,a,OBaHHH 6bijm BbinojiHeHbi ,zi;jih KBaflpaTHHHoro raMHjibTOHHaHa, HHTerpnpy- 
eMOCTb KOToporo ,noKa3aHa b [1]. B nacTHOCTH, cucTeMa M.4 "pa3BajiHjiacb" Ha Tpn no,n,CHCTeMbi h, 

TaKHM 06pa30M, B CHCTeMe C TpeMS CTeneHHMH CBo6oflbI C KBa^paTHHHblM raMHJIbTOHHaHOM BblflejIH- 

eTca yjKe inecTb no^cncTeM. AHajiHTHnecKHe pe3yjibTaTbi Taxnx HccjienpBaHHH 6yzryT ony6jiHKOBaHbi 
b OT^ejibHOH pa6oTe. 

OTMeTHM, hto Ha ceroflHHHmeH ,n,eHb noxa TaK h He y^ajiocb nojiynHTb ajire6paHnecKoro pa3^ejie- 
HH3 nepeivieHHbix hh b ohhoh H3 CHCTeM A / f/ c ,A; = l,...4. B nepByio onepe^b sto CBH3aHO c npencTaB- 
jieHHeM CHCTeM (|4.1|) h (|4.2p b yn,o6HOM rjir 3Toro BH^e. B 3a,a;aHe o HBHJKeHHH Bonnica KoBajieBCKoft b 
^bohhom chjiobom nojie flJiH aHajioroB CHCTeM A^3 h A^4 HaltfleHO ajire6paHHecKoe pa3nejieHHe nepe- 
MeHHbix h Hccjie,n,OBaHa (pa30Ban TonoiiorHH [15] . [18| . |19| . |20j . Onnpaacb, npejK,n,e Bcero, Ha pa6oTbi 
M. n. XapjiaMOBa, mm Ha^eeMCH h b HanieM cjiynae Ha B03MO>KHOCTb hbhoto ajire6paHnecKoro pa3,n,e- 
jieHHH nepeMeHHbix b CHCTeMax M3H M4 . 

Abtop rjiy6oKO npH3HaTejieH /i.cp.-M.H., npocpeccopy M. n. XapjiaMOBy 3a CTHMyjinpoBaHHe h 06- 
cyjK,a;eHHe pe3yjibTaTOB, 3a HacTOHHHBoe Tpe6oBaHHe noHHMaHiia Tex TonojiornnecKHX scpcbeKTOB, ko- 
Topbie o6HapyjKeHbi b hoboh CHCTeMe. ,3,ocTaTOHHO CKa3aTb, hto b CHCTeMe c TpeMH CTeneHHMH cbo6o- 
,n;bi o6Hapy»ceHa nepecTpoftKa "pitch-fork" (BbipontneHHaH oco6eHHOCTb paHra 2), KaK opneHTnpyeMaH 
(HeycTOHHHBaa k MajibiM B03MymeHHHM) , TaK h HeopneHTHpyeMaa (Hao6opoT, ycTOHHHBaa). Ha pnc. 6 
nepecTpoliKe THna "pitch- fork" OTBenaioT tohkh "q" h "e". Jlflsi CHCTeM c ,n,ByMH CTeneHHMH CBo6oflbi 
MOflejibHbie nepecTpoliKH TaKoro THna onncaHbi b |14) ( |14[ t. 1, npHMep 2, c. 24]). ^pyroe Ha6jHoneHHe 
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CBH3aHO c KpyroBbiMH MOJieKyjiaMH Ha H303HepreTHuecKHX ypoBHHX. HanpHMep, oco6biM TOHKaM d, I, 
c(m), b Ha pnc. 6, b npoo6pa3e KOTopbix o;xHa hjih /XBe KOMnoHeHTbi, cooTBeTCTByioT HeBbipoJK^eHHbie 
oco6eHHOCTH paHra 1 rana "ce^Jio-ce^Jio" . Hm OTBenaioT KpyroBbie MOJieKyjibi oco6eHHOCTeii paHra 
toto »ce THna nocjie yMHO»ceHHH Ha TonojiorHuecKyio OKpyjKHOCTb |14^ Teopeivia 9.6 (A. B. Bojichhob), 
c. 360]. Mojkho Ha/i,eHTbCH Ha nojiyueHHe KjiaccHcpHKairHOHHbix TeopeM o CTpoeHHH KpyroBbix MOJiexyji 
HeBbipoJK,a;eHHbix oco6eHHOCTeii paHra 1 THna "cejj,jio-ce,jijio" c ojxhoh hjih jjByMJi KOMnoHeHTaMH Ha 
cjioe Ha H303HepreTHHecKOM ypoBHe b CHCTeMax c TpeMH CTeneHHMH CBo6o;xbi. AHajiornnHbie TeopeMbi 
b HHTerpnpyeMbix CHCTeMax c /XByMH CTeneHHMH CBo6ojibi ccbopMyrmpoBaHbi b |14j ( |14| TeopeMa 9.6 
(A. B. Bojichhob), c. 360; TeopeMa 9.8. (B.C. MaTBeeB), c. 362]). 

Pa6oTa hocht ixajieKo He 3aKOHueHHbiH xapaKTep h TeM He MeHee HCHa bch KapTHHa 6HcpypKaii,HH 

^ByMepHblX H TpeXMepHblX TOpOB KaK BHyTpH nOflCHCTeM, TaK H BO BCeft CHCTeMe COOTBeTCTBeHHO. 

npe^nojiaraeTCH HanncaHHe KOMnbioTepHOH nporpaMMbi c Hcnojib30BaHHeM cpejjbi " Mat hematic a ko- 
Topaa 6bi jj,eTajibHO MO/rejinpoBajia aTjiac GncbypKairHOHHbix jjnarpaMM, a TaKJKe 6H(bypKanHOHHbie 
jj;narpaMMbi KaK caiinx nojj,cHCTeM, TaK h Bceit cncTeMbi b nejioM. 

Pa6oTa BbinojiHeHa npn noiiflepjKKe POOH (rpaHT N 2 10-01-00043). 
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